The onset of binding η(548) mesons in nuclei is studied in the He isotopes by doing precise ηNNN and ηNNNN few-body stochastic variational method calculations for two semi-realistic NN potentials and two energy dependent ηN potentials derived from coupled-channel models of the N * (1535) nucleon resonance. The energy dependence of the ηN subthreshold input is treated self consistently. It is found that a minimal value of the real part of the ηN scattering length a ηN close to 1 fm is required to bind η mesons in 3 He, yielding then a few MeV η binding in 4 He. 
Introduction
The near-threshold ηN system, where E th (ηN) = 1487 MeV, couples strongly to the nearby N * (1535) resonance, resulting in a fairly attractive and weakly absorptive energy dependent s-wave ηN interaction. This was realized, first by coupling the ηN and πN channels [1] , and subsequently verified in works that generate dynamically the N * (1535) S 11 resonance, e.g. Ref. [2] , by considering the entire set of pseudoscalar meson-octet baryon coupled channels. It was soon suggested that η-nuclear quasibound states might exist [3, 4] . While various optical model calculations produce invariably such states across the periodic table, the value of mass number A that marks the onset of binding depends on which underlying ηN interaction is chosen and on how its subthreshold energy dependence is handled [5, 6, 7, 8, 9] . For recent reviews, see Refs. [10, 11] . Yet, no such states have ever been established beyond doubt [12] .
Electromagnetic and hadronic production reactions on nuclear targets provide useful constraints on the existence of η quasibound states in very light nuclei. The most recent interpretation of these data is that ηd is unbound, η 3 He is nearly or just bound, and η 4 He is bound [13] . Unfortunately, the η-nucleus optical model approach mentioned above is not trustable in these light nuclei, and genuine few-body calculations are required. Our previous few-body ηNN and ηNNN calculations agree with this conjecture as far as the ηd and η 3 He systems are concerned [14] . A similar conclusion for η 3 He has been reached recently by evaluating the pd → η 3 He near-threshold reaction [15] . As for a possible η 4 He bound state, it has been searched upon with the WASA-at-COSY facility in the dd → 3 HeNπ reaction [16] , placing upper limits of a few nb on the production of a bound η 4 He. On the theoretical side, precise ηNNN and ηNNNN stochastic variational method (SVM) bound-state calculations that use a / πEFT (pionless effective field theory) approach have just been published, coauthored by us [17] . These calculations suggest that the onset of η-meson binding in the 3 He nucleus requires that the real part of the ηN scattering length a ηN , Re a ηN , exceeds 1 fm approximately, yielding then a few MeV η binding in 4 He, and that the onset of η-meson binding in the 4 He nucleus requires that Re a ηN exceeds 0.7 fm approximately. Another very recent work [18] reports on fewbody calculations of the η-3 He and η-4 He scattering lengths, concluding that for Re a ηN ≈ 0.9 fm neither η 3 He nor η 4 He are bound. Here we extend the SVM few-body bound-state calculations of Ref. [17] , replacing the / πEFT NN and NNN contact interactions used there by the same Minnesota [19] and Argonne AV4' [20] semi-realistic NN interactions used in our previous ηNN and ηNNN hyperspherical-basis calculations [14] . We confirm the results and conclusions of that work for ηNN and ηNNN. Our results compare well with those reached in the / πEFT approach [17] . The paper is organized as follows. The two-body NN and ηN input interactions are specified in Sect. 2 and the way we handle the subthreshold energy dependence of the input ηN interaction is described in Sect. 3. Results of our SVM calculations of ηNNN and ηNNNN quasibound states are given in Sect. 4 and compared in Sect. 5 with results of optical-model calculations. Finally, conclusions are drawn in Sect. 6.
Two-body interaction input
In this section we describe the choice of NN and ηN pairwise interactions.
NN potentials
Two forms of central NN potentials were used in the present work. These are denoted MNC for the Minnesota potential [19] and AV4p for the Argonne AV4' potential [20] parametrized in terms of Gaussians. These central potentials were also used in our previous work [14] . Both potentials produce nearly identical values of binding energy for the weakly bound deuteron, as seen in Table 1 , but differ in the 1 S 0 NN low-energy scattering parameters input which enters the calculation of the A=3,4 nuclei binding energies listed below. They also differ in their short-range repulsion which is much stronger in AV4p than in MNC. We note that the binding energy of 3 H within the present AV4' parametrization is smaller by 0.11 MeV than that used in our previous work [14] . The proton-proton Coulomb interaction is included in these calculations. 
ηN potentials
The ηN interaction has been studied in coupled-channel models that fit or generate dynamically the N * (1535) S 11 resonance which peaks about 50 MeV above the ηN threshold. The resulting ηN scattering amplitudes exhibit substantial model dependence, as demonstrated in Fig. 1 where the real and imaginary parts of the ηN center-of-mass (cm) s-wave scattering amplitude F ηN are plotted as a function of the cm energy √ s for several coupled channel models. A feature in common to all these models is that both real and imaginary parts of F ηN decrease monotonically upon going deeper into the subthreshold region. Focusing on the ηN scattering length a ηN , which stands for the value the ηN scattering amplitude F ηN at threshold, the figure exhibits a wide range of values for the real part Re a ηN from 0.2 fm [2] to almost 1.0 fm [21] . The imaginary part Im a ηN , in contrast, is constrained by near-threshold data that involve mostly the coupling to the πN channel and hence displays a considerably narrower range of values, from 0.2 to 0.3 fm.
Our ηN potentials are derived from ηN s-wave scattering amplitudes F ηN calculated in two of the meson-baryon coupled-channel interaction models, GW [21] and CS [22] , shown in Fig. 1 . Whereas the GW model which was considered in our previous work [14] is a K-matrix model that accounts for the coupling between the ηN and πN channels, the CS model is a genuine meson-baryon multi-channel model. The scattering length a ηN is given in these two models by
Following a procedure introduced by Hyodo and Weise [26] for using effectiveKN potentials below threshold, we construct local but energy-dependent complex potentials v ηN that generate the ηN s-wave scattering amplitude F ηN below threshold in models GW and CS. This proved useful in K − fewnucleon calculations [27, 28, 29] and in our previous work on η few-nucleon quasibound states [14] . Below we denote by δ √ s ≡ √ s − √ s th the energy 
where µ ηN =346 MeV is the reduced ηN mass, b is an energy dependent strength function, and ρ Λ (r) is a normalized Gaussian:
with a scale parameter Λ inversely proportional to the range of v ηN . As argued in Ref. [26] , Λ is related to the EFT momentum breakdown scale corresponding to vector-meson exchange: Λ m ρ = 3.9 fm −1 . A more restrictive upper bound value of Λ 3.0 fm −1 arises from excluding the ρN channel in dynamically generating the N * (1535) resonance [14] . Nevertheless, in order to study the scale dependence of our results, we temporarily disregard such constraints on Λ and consider here three representative values: Λ=2,4,8 fm −1 , the latter corresponding to extremely short-ranged interaction.
For a given value of the scale parameter Λ, the subthreshold values of the complex strength function b of Eq. (2) were fitted, as detailed in Sect. 2.1 of Ref. [14] , to the complex phase shifts derived from the corresponding values of the subthreshold scattering amplitude F ηN . Such strength functions are shown in Fig. 2 for three values of the scale parameter Λ in model GW [21] . The curves for b exhibit monotonic decrease below threshold except for some Λ dependent humps near threshold that reflect, perhaps, the threshold cusp of Re F ηN in Fig. 1 . Nevertheless, the subthreshold values δ √ s relevant for our calculations are all below −10 MeV and are unaffected by these humps. Similar curves for b are obtained in model CS, with values smaller uniformly for both real and imaginary parts than model GW yields, in accordance with the relative strength of the generating subthreshold scattering amplitudes F ηN shown in Fig. 1 . Finally we note that the decrease of b upon increasing Λ, say for Re b at threshold, follows from the Λ independence of the generating Re F ηN ; a Λ independent b would necessarily lead to ηN bound states for sufficiently large values of Λ.
Energy dependence
Here we outline the self consistent procedure adopted in our previous applications [14, 17] for coping with the energy dependent ηN effective potential v ηN discussed in Sect. 2.2. One needs to determine the most appropriate input value δ √ s of the subthreshold ηN energy at which v ηN should enter the η-nuclear few-body calculation. To this end, following Ref. [29] , an average ηN √ s av over the A bound nucleons is introduced by
Expanding about threshold, with
where B is the total binding energy of the η-nuclear system. Transforming in the total cm system the momentum dependent part to kinetic energies and taking expectation values in the η-nuclear bound state, one obtains
where
Here, T η is the η kinetic energy operator in the η-nucleus cm frame, T N :N is the pairwise NN kinetic energy operator in the NN pair cm frame and E η = (H −H N ), with the nuclear Hamiltonian H N evaluated in its own cm frame and the total Hamiltonian H evaluated in the η-nucleus cm frame. We note that the imaginary part of the ηN interaction, discussed below in Sect. 4, was excluded from the present construction so that both B and E η are real, with B > 0 and E η < 0 for η-nuclear bound states. Finally, for A=1 the last three terms on the r.h.s. of Eq. (6) vanish, leading to δ √ s ηN = −B as expected.
Since all terms on the r.h.s. are negative definite, the two-body energy argument δ √ s of v ηN that enters the few-body calculation forms a continuous distribution in the subthreshold region that is replaced in non-Faddeev few-body calculations [10] by the output expectation value δ √ s . This expression was used in our 2015 calculations for A = 2, 3 employing hyperspherical basis expansion of η-nuclear wavefunctions [14] . Switching to SVM correlated Gaussian basis in our 2017 / πEFT calculations [17] as well as here, we found it more useful to rewrite Eq. (6) as
where ξ A ≡ Am N /(Am N + m η ). Here, T N and T η are the nuclear and η kinetic energy operators evaluated in terms of internal Jacobi coordinates, with the total intrinsic kinetic energy of the system given by T = T N + T η . Since (A − 1) T N :N in Eq. (6) equals T N here, Eq. (7) coincides with the former equation apart from a kinematical factor ξ A introduced here to make correspondence with the η-nuclear, last Jacobi coordinate with which T η is associated.
Requiring that the output expectation value δ √ s given by Eq. (7), as derived from the solution of the few-body Schroedinger equation, agrees with the input value δ √ s for v ηN , this equation defines a self-consistency cycle in our few-body η-nuclear calculations. As argued above, the self consistent energy shift δ √ s sc is negative definite, with size exceeding a minimum nonzero value obtained from the first two terms in the limit of vanishing η binding. Eq. (7) in the limit A ≫ 1 coincides with the nuclear-matter expression used in Refs. [8, 9] for calculating η-nuclear quasibound states.
The following two figures demonstrate how the self consistency requirement works in actual calculations. The curves plotted in Fig. 3 are obtained √ s at which the outcome bound-state energy E(η 3 H) is evaluated. Both lower and middle curves are located, as they should, below the dashed horizontal line that marks the 3 H core bound-state energy which serves as threshold energy for the η 3 H bound state. In contrast, the upper curve which shows the expectation value H N of the nuclear core energy is located above this dashed horizontal line. Finally, we note that the η binding (or more precisely separation) energy B η is about 1.0 MeV in the left panel (MNC) and 0.7 MeV in the right one (AV4p), a few MeV less than what a v ηN fitted exclusively to F ηN at threshold yields. The somewhat weaker η binding for AV4p with respect to that for MNC is related to the considerably stronger short-range repulsive component present in the NN potential AV4p. Although computed for η 3 H, these B η values agree to within 15±10 keV with those that were checked in a sample η 3 He calculation, so from here on we shall treat them as η 3 He results. These B η values are also consistent with those calculated by us previously [14] . He is similar to Fig. 3 (right) for η 3 H, using the AV4p NN potential. The self consistent value of B η , about 3.5 MeV, is larger here than the 0.7 MeV there; however it is much smaller, almost by 10 MeV, than what a threshold v ηN yields, owing to the subthreshold energy dependence of v ηN . Note that the self consistent value δ √ s sc in the compact 4 He core (about −32 MeV, see Fig. 4 ) is considerably farther away from threshold than its counterpart in 3 H (about −15 MeV, see Fig. 3, right) .
Results
The present few-body self consistent stochastic-variational-method (SVM) calculations follow those of Ref. [17] where this method is briefly discussed. Our results for η 3 He bound states are listed in Table 2 and shown in Fig. 5 , and for η 4 He in Table 3 and Fig. 6 , for several choices of (NN, ηN) potential combinations, each one for three values of the momentum scale parameter Λ. Along with η binding (separation) energies B η and widths Γ η , we also list the self consistent values δ √ s sc at which these values of B η and Γ η were evaluated, plus expectation values of potential and kinetic energies. Noting that Im b ≪ Re b, see Fig. 2 , the binding energies B η were evaluated using real Hamiltonians in which Im v ηN was neglected, and the η-nuclear widths Γ η were calculated perturbatively using wavefunctions Ψ g.s. generated by these real Hamiltonians, viz.
Here, V η sums over all pairwise ηN interactions. Since |Im [14] that arose from a programming error. The number of displayed digits reflects the numerical accuracy of these calculations. Figure 5 : B η (η 3 He) values from Table 2 as a function of 1/Λ, calculated within several combinations of (N N, ηN ) potentials marked in the upper-right corner.
The tables demonstrate that the smaller the range (∼ 1/Λ) of the ηN interaction, the larger is the resulting η binding energy B η , in spite of the increased value of −δ √ s sc which implies a weaker ηN potential strength b.
In fact, all of the entities listed in these tables increase in magnitude with Λ, particularly V η and T η once the η-nuclear system becomes bound. Nevertheless, the η averaged momentum encountered there reaches a modest maximal value of p in η 4 He, in spite of the much larger momenta that this scale parameter is capable of generating. For a given ηN potential, here GW, more binding is obtained with the MNC NN potential than with the more realistic AV4p, as already noted in the discussion of Fig. 3 . And finally, for a given NN potential, here MNC, more binding is obtained obviously using GW than the weaker CS for the ηN potential. In fact CS does not bind η 3 He, as indicated by the negative values for B η listed in the last group in Table 2 and as shown by the lower curve in Fig. 5 . These results are consistent with those in Ref. [14] . For η 4 He, although Table 3 and Fig. 6 suggest that a bound state exists for the combination (NN:MNC, ηN:CS), it is doubtful whether CS can really bind η 4 He for the more realistic AV4p NN interaction. Figs. 5 and 6 suggest a significant theoretical uncertainty in the computed η binding energies B η for two reasons. First, for a given choice of NN and ηN Table 2 for details. Figure 6 : B η (η 4 He) values from Table 3 as a function of 1/Λ, calculated within several combinations of (N N, ηN ) potentials marked in the upper-right corner.
interaction models, say the (AV4p, GW) combination, the computed values of B η depend on the scale parameter Λ of the Gaussian shape assumed for v ηN . As stated above, the smaller the range (∼ 1/Λ) of the ηN interaction, the larger B η is, consistently with the observation made long ago for B Λ in Λ hypernuclear few-body calculations [30] . In our previous work [14] we argued that Λ 3 fm −1 holds implicitly in the N * (1535) resonance mesonbaryon models within which the ηN scattering amplitude F ηN is determined. Excluding therefore as high values as Λ = 8 fm −1 , this would mean that the GW ηN interaction binds both He isotopes, with B η (η 3 He) about 0. 
Comparison with other model calculations
In this section we connect between the few-body η-nuclear calculations pursued in the main part of the present work and optical-model approaches applied to heavier nuclei, normally for A ≥ 12, as summarized by Mareš et al. [11] . In particular, Xie et al. [15] recently fitted the strongly energy dependent dp → η 3 He cross sections near threshold using a 't ηN ρ A ' optical model approach, where t ηN is directly related to the ηN scattering length a ηN and ρ A is the nuclear g.s. static density normalized in coordinate space to A. These authors derived an effective value
claiming that although insufficient to generate a bound state pole, nevertheless it generates a virtual-state pole near threshold corresponding to B η ≈ −0. [32] , the tρ optical potential in momentum space assumes the form
where the ηN subthreshold energy dependence is implicit. A Gaussian momentum dependence was adopted for both the cm scattering amplitude F ηN and the momentum-space nuclear densityρ A :
with Λ chosen the same as in the Gaussian form (2) of v ηN . Fourier transforming the product F ηN (q) ×ρ A (q) to coordinate space, we obtain
with r 0 = 2/Λ and r A = 2/λ A , where r 3 = 1.436 fm and r 4 = 1.165 fm are the Gaussian size parameters of the point-nucleon density distributions of 3 He and 4 He, respectively, derived by unfolding the proton charge distribution from the nuclear charge distribution [31] . Finally, to incorporate the leading 1/A correction, we go to the KMT form of the optical potential [33] , as applied e.g. by Feshbach et al. [34] , multiplying the Watson optical potential (10) by (A − 1)/A.
1 Hence:
In Table 4 we list η binding energies and widths calculated in the He isotopes using the optical potential (13) for ηN scale parameter Λ = 4 fm −1 and with the GW and CS scattering amplitudes F ηN evaluated at both threshold energy δ √ s = 0, and at the subthreshold energies δ √ s sc found in the few-body self consistent calculations listed in Tables 2 and 3 for (NN,ηN) potential combinations (AV4p, GW) and (MNC, CS). The results show that of 
Conclusion
In conclusion, we have presented truly few-body SVM calculations of ηNNN (η 3 He) and ηNNNN (η 4 He) bound states, using semi-realistic NN interactions and ηN subthreshold interactions derived in coupled channels studies of the N * (1535) nucleon resonance. Considering ηN scale parameters Λ = 2, 4 fm −1 , while excluding as high value as Λ = 8 fm −1 ≫ m ρ which corresponds to extremely short-ranged interaction, the present results suggest that the onset of η 3 He binding occurs for Re a ηN close to 1 fm, as in model GW [21] , consistently with our previous hyperspherical-basis ηNNN calculations [14] . The onset of η 4 He binding requires a lower value of Re a ηN around 0.7 fm which is comfortably satisfied in model GW and almost in model CS [22] . These results are also in good agreement with the very recent SVM calculations coauthored by us [17] which use a / πEFT approach. Further dedicated experimental searches for η 4 He bound states are needed in order to confirm the recent negative report from COSY [16] which, taken at face value, implies that Re a ηN 0.7 fm.
We have also compared our few-body calculations with leading-order optical model calculations that use the same subthreshold energies δ √ s as those determined self consistently in the few-body calculations. Careful attention was paid to 1/A corrections. These optical model calculations, which produce less binding than that produced in the corresponding few-body calculations, nevertheless give qualitatively similar results to those of the few-body calculations. Ignoring the energy dependence of the input ηN amplitude leads to strongly excessive binding energies, and widths, in both approaches.
